We explore aspects of the phase structure of SU (2) and SU (3) lattice gauge theories at strong coupling with many flavours N f of Wilson fermions in the fundamental representation. The pseudoscalar meson mass as a function of hopping parameter is observed to deviate from the expected analytic dependence, at least for sufficiently large N f . Implications of this effect are discussed, including the relevance to recent searches for an infrared fixed point.
Introduction
There has been a lot of interest recently in identifying an infrared fixed point, and the possibility of an associated conformal window, for SU(N c ) gauge theories as a function of the number of fermion flavours N f [1, 2, 3, 4, 5, 6, 7, 8, 9] , motivated by the pioneering work of Banks and Zaks [10] . For a valuable review, see Ref. [11] . Much of the interest stems from the longstanding suggestion that a (nearly) conformal gauge theory could play a key role in electroweak symmetry breaking beyond the standard model of particle physics [12, 13, 14] . For fermions in the fundamental representation, the prediction obtained from a detailed study using the Wilson fermion action [1] differs from subsequent studies that use other actions [11] . According to Ref. [15] it is generally believed that confinement exists in the strong coupling limit for any N f ; the disagreement with data from the Wilson action [1] suggests that the unphysical Wilson term has a dramatic effect. In the present work, we revisit the strong coupling limit of the Wilson action with the goal of providing some additional insight into this issue.
An SU(N c ) lattice gauge theory with fundamental Wilson fermions is expected to have a phase where flavour and parity are spontaneously broken, known as the Aoki phase [16, 17] . The expected phase diagram (for example figure 3 of Ref. [17] ) is sketched in the plane spanned by the two relevant parameters: the gauge coupling and the fermion mass. The weak coupling part of the diagram shows "fingers" of Aoki phase separated by regions of symmetric phase, but ongoing research by various groups is refining this picture for specific discretizations and lattice improvement scenarios [18, 19, 20, 21, 22, 23, 24] . The strong coupling part of the original expected phase diagram is simpler: the Aoki phase exists for quark masses of smaller magnitude and the symmetric phase exists for quark masses of larger magnitude. In the extreme strong coupling limit (g = ∞), the phase boundary is predicted to be at a specific critical value of the hopping parameter,
Recall that the hopping parameter κ is related to the dimensionless bare fermion mass m 0 as follows:
In addition, the dimensionless pion mass in the strong coupling limit is predicted to be a rather simple function of the hopping parameter [16] ,
This expression for the pion mass was derived long ago for quenched configurations (i.e. N f = 0 inside the configurations) [25, 26] , and initial tests of its validity for N f > 0 were presented in some of the direct numerical simulations within Ref. [1] . A central result of our work is the observation of systematic deviations from Eq. (3) in exploratory simulations with multiple Wilson fermions at β = 0.
Our primary observables are the average plaquette , the pseudoscalar meson mass m π , and the axial-Ward-Takahashi-identity quark mass m AWI q , all defined in standard fashion:
(with m n > m π ∀n),
where V denotes the total number of lattice sites, ∇ 4 is the symmetric temporal derivative operator, and the flavour non-singlet bilinear operators (with flavour index omitted) are
3. SU (2) with many flavours at β = 0
For a first indication of the difference between quenched and dynamical simulations, consider the average plaquette for various numbers of flavours, as shown in Fig. 1 . An abrupt transition is clearly seen for N f ≥ 6, with a two-state signal defining the transition region in each case. The data at N f = 4 hint at a transition but are not conclusive, though other observables to be discussed below will confirm a N f = 4 transition. At N f = 2 the transition is either suppressed or absent. This behaviour implies the existence of a first order transition for sufficiently large N f , and was already reported for the SU(3) case in Ref. [1] and for SU(2) with two flavours of adjointrepresentation fermions in Refs. [2, 8] . Our results show that the first order transition moves to larger values of 1/κ as N f is increased. All of our observed transitions are in the range 1 /8 < κ < 1 /4. signals imply that it is first order at least for N f ≥ 6. The transition moves to larger 1/κ as N f is increased and we speculate that the transition will approach κ = 1 /8 as N f → ∞, i.e. the gauge theory with infinitely many fermions will become the free theory.
It should be noted that Fig. 1 is obtained for all four of our lattice volumes: no volume dependence is observed. This was expected in advance because the average plaquette is a short distance quantity. We have similarly confirmed volume independence for m To ascertain the properties of the transition and of the regions it separates, a range of other observables should be discussed. That discussion goes beyond the scope of the present work, but brief comments and selected plots can be found in Appendix A. 
SU (3) with many flavours at β = 0
Qualitatively the situation for SU(3) is similar to that for SU(2), but our quantitative results indicate that deviations from Eq. (3) are smaller for SU (3) . Perhaps a large-N c suppression mechanism is at work. Data for the average plaquette, pseudoscalar meson mass, and axial-Ward-Takahashi-identity quark mass are plotted in Figs. 5 and 6. Notice that m 2 π is consistent with Eq. (3) for N f = 0, but the N f > 0 data display bending that is very similar to the SU(2) case but of smaller magnitude.
The search for a possible transition is more expensive for SU(3) than for SU(2) because we must work at larger κ. A transition is found to exist for N f ≥ 8 but we cannot say whether it is abrupt. Recall that Ref. [1] found the transition to occur only for N f ≥ 7; they rely to some extent on counting the conjugate gradient iterations required during thermalization to determine the phase for N f = 6 at κ = 1/4. (We comment briefly in Appendix B.) Our results 2 do show hints of a transition for N f = 6. 
Discussion
Simulations on small space-time lattices in the strong coupling limit display the phase transition already discussed in Ref. [1] , but the present work makes the additional observation that the dependence of the pseudoscalar meson mass on the hopping parameter deviates from the expected formula, Eq. (3), as seen in Figs. 4 and 6. These deviations, which appear as bending in plots of meson (and quark) mass versus hopping parameter, are easily seen for N c = 2 and are smaller but still observed for N c = 3. The formula in Eq. (3) was derived through a large-N c expansion [16] , and the present data for N c = 2, 3 suggest a rather rapid approach to Eq. (3) as N c is increased. Eq. (3) is also obtained for any N c with N f = 0.
Because of the phase transition there is generally no value of the hopping parameter at which the pseudoscalar meson becomes massless, but extrapolation from above the phase transition (i.e. from smaller hopping parameters) does allow the definition of an effective critical hopping parameter, κ ext c (N f ). This extrapolated value is found to obey
as a consequence of the observed deviation away from Eq. (3). The authors of Ref.
[1] performed a detailed study of SU(3) gauge theory with N f Wilson fermions and from that study they proposed a phase structure with regions of confinement and deconfinement for certain values of N f . They also include a brief appendix (in the most recent publication in [1] ) devoted to the SU(2) theory, where κ c = 1 /4 is assumed and simulations at that hopping parameter are used as the basis for conclusions about a confinement/deconfinement transition. The results of Ref. [1] differ from those obtained using other actions [11] , and one might ask whether assumptions about κ c = 1 /4 might play a role. However, Eq. (13) confirms that for any N f
where κ d is the location of the phase transition; this fact is sufficient to leave the conclusions of Ref. [1] intact. Therefore the source of discrepancies between the phase structure obtained from the Wilson action versus other actions must be sought elsewhere. It is worth noting that phenomena in the strong coupling limit are not typical of results at weaker couplings. For example the average plaquette, meson mass, and quark mass for the SU(2) theory at β = 2 are plotted in Figs. 7 and 8 . Instead of an abrupt transition that is essentially independent of lattice volume, we now see smoothly continuous functions and the meson mass has a significant volume dependence. Detailed studies at β = 0 are left for future work. 
Appendix A: Additional observables
A Polyakov loop is the trace of a product of links in a straight line along a lattice axis which, via periodic boundary conditions, closes upon itself. Polyakov loops are often used as an indicator for confinement. The absolute value of a Polyakov loop is plotted in Fig. 9 at β = 0 on 6 2 × 12 2 lattices. For each of the two cases N f = 6 and N f = 8, the graph shows the Polyakov loops in both the shorter (N x = 6) and longer (N t = 12) lattice directions. The shorter Polyakov loops are numerically large and dependent on the hopping parameter, with a two-state signal at the transition for large enough N f . The longer Polyakov loops are consistent with zero for all values of κ. We refrain from drawing conclusions about confinement from this brief consideration of Polyakov loops.
For discussions of chiral symmetry and its possible breaking, natural quantities include the chiral condensate ψ ψ and the pseudoscalar density ψ γ 5 ψ . The low-lying eigenvalues of the Wilson-Dirac operator relate to these observables through the spectral representation of the quark propagator. 
Appendix B: Algorithmic issues
The HMC algorithm uses a number of trajectories, traditionally distinguished by an integer τ . Each trajectory uses some number of molecular dynamics steps, N MD , and each of those uses some number of Conjugate Gradient (CG) iterations, n this quantity for sequential trajectories during thermalization for SU (2) with N f = 6, β = 0, and κ = 0.215 on a 8 2 × 16 2 lattice with precision defined by ||r res CG || < 10 −12 . For reference, the average plaquette is also plotted for each trajectory. The hot start requires more trajectories before reaching thermalization, and some of those trajectories needed many CG iterations. One could possibly be tempted to abort such a calculation before reaching equilibrium and assume that the increasing N CG (τ ) would never return to a smaller value at larger τ . The right panel of Fig. 11 shows N CG (τ ) for SU (3) at N f = 6, β = 0, and κ = 0.250 on a 6 2 × 12 2 lattice with ||r res CG || < 10 −12 and N M D = 200. When configuration generation starts from the last configuration of N f = 8 at κ = 0.250, the HMC becomes stable at 65% acceptance and N CG (τ ) = O(10 3 ). On the other hand, the hot and cold starts are not accepted by the HMC's Metropolis test with N CG (τ ) = O(10 4 ). In both cases 3 of Fig. 11 , the large value of N CG (τ ) does not imply the existence of a massless mode. 
